Multiple-Q spin textures, such as magnetic bubble and skyrmion lattices, can be driven into motion by external stimuli. The motion of spin textures affects the electronic states. Here we show that to describe correctly the electronic dynamics, the momentum space needs to be transcended to higher dimensions by including the ancillary dimensions associated with phason modes of the translational motion of the spin textures. The electronic states have non-trivial topology characterized by the first and second Chern numbers in the high dimensional hybrid momentum space. This gives rise to an anomalous electric charge transport due to the motion of spin textures. By deforming the spin textures, a nonlinear response associated with the second Chern number can be induced. The charge transport is derived from the semi-classical equation of motion of electrons that depends on the Berry curvature in the hybrid momentum space. Our results suggest that the motion of multiple-Q spin textures has significant effects on the electronic dynamics and provides a new platform to explore high dimensional topological physics.
Spatially localized spin textures with nontrivial topology, such as magnetic bubble and skyrmion, has been observed in several families of material systems including both metals and insulators, and heterostructures [1] [2] [3] [4] . These spin textures form a lattice, which gives rise to several Bragg peaks associated with the lattice symmetry in the spin structure factor [1] . For this reason, these crystallized spin textures are also named as multiple-Q spin textures. The spin textures respond to various external stimuli, including electric current [5] [6] [7] , electric field [8, 9] , magnetic field [10, 11] , thermal gradient [12] [13] [14] , and strain [15] [16] [17] , which renders them as very promising entities for applications [18] [19] [20] .
The static spin texture has significant effects on electronic wave functions and affects the dynamics of conduction electrons [21, 22] . For instance, when electrons interact with a static skyrmion, they experience an effective magnetic field produced by the noncoplanar spin texture. As a consequence, there is a topological Hall effect, which has been observed experimentally [23] [24] [25] . The noncoplanar spin texture can open an energy gap in the electronic spectrum and stabilize a Chern insulator [22, [26] [27] [28] . The spin texture can be driven into motion by magnetic or electric field gradients [9] [10] [11] , thermal gradients [12] [13] [14] , and spin-polarized currents [29] [30] [31] . How the motion of spin textures affects the electronic dynamics is an important question, but is not well understood.
In this Letter, we reveal that the description of the dynamics of conduction electrons coupled to the moving multiple-Q spin textures requires a transcendent high dimensional momentum space. The high dimensional momentum space is spanned by the physical dimensions and ancillary dimensions associated with phason modes of the translational motion of spin textures. The electronic states can have nontrivial topology characterized by the first and second Chern numbers in the hybrid momentum space when the energy spectrum is gapped. Due to the nontrivial topology, there is an anomalous charge transport in magnets with moving multiple-Q spin textures. Our results demonstrate that the motion of multiple-Q spin textures has profound consequences on the electronic wave functions and dynamics.
The interaction between conduction electrons and spin textures can be described by the Hamiltonian where c i = (c i,↑ , c i,↓ ) is the annihilation operator of conduction electrons with spin ↑ and ↓ at the ith site, i, j denotes two nearest-neighbor sites on a 2D square lattice, σ represents the vector of Pauli matrices, and S i encodes the spin texture. Here we assume that the spin texture S i is stabilized by other stronger interactions and is not affected by the conduction electrons. The spin configuration of the multiple-Q spin textures can be generally described by
where A µ ν (φ ν ) = A µ ν (φ ν + 2π) and the Einstein summation convention is employed hereafter. The translational motion of the spin texture, r i → r i +vτ, is depicted by the phase φ ν = Q ν ·vτ, where v is velocity and τ is time.
The coupling of conduction electrons to multiple-Q spin textures yields a magnetic superlattice. We denote the crystal momentum of the magnetic superlattice as k. The Hamiltonian in the momentum space is also a periodic function of φ ν besides k, i.e. H(k, φ) with φ = (φ 1 , φ 2 , · · · ). Therefore, when the spin texture is moving, the electronic dynamics is depicted in the effective momentum space spanned byk = k ⊕ φ, a hybridization of crystal momenta and phason modes of the translational motion of spin textures. The motion of the spin textures is slow compared to electronic dynamics. For instance, for a spin texture with period 1 nm moving at a velocity 1 m/s, φ ν changes at a rate of 1 GHz. As a good approximation, the electronic spectrum E(k, φ) and the corresponding eigenstate evolve adiabatically with φ ν .
The semi-classical equation of motion for an electronic wave packet with the dispersion E n (k) and position r = (x, y) followsṙ
where µ = x or y is the index of physical dimensions.
Here the first term is the group velocity and the last term is the anomalous velocity due to nonzero Berry curvature [32] ,
n , where A µ n = i ψ n | ∂˜k µ |ψ n is the Berry connection and |ψ n is the eigenstate. In the absence of external electromagnetic fields,k µ =k µ = 0. However, the translational motion of spin textures described by φ ν = ω ν τ ensures a nonzerok ν =φ ν = ω ν . Here ν = 1, 2, · · · is the index of ancillary dimensions associated with the phason modes of spin textures. The corresponding current density due to the translational motion of spin textures is
where f (E n − E F ) is the Fermi distribution function and E F is the Fermi energy. When the energy spectrum is gapped in the hybrid momentum space and the Fermi energy E F is in the gap, the first term in Eq. (4) vanishes. The transported charge over one period ∆τ = 2π/|ω ν | at zero temperature is
where C µν 1 is the first Chern number defined on thek µkν plane and is independent of the other momenta if the energy gap retains open in the entire hybrid momentum space, and N µ is the number of unit cells in the cross section perpendicular to the µ direction. Therefore the translational motion of the spin textures can result in quantized charge transport in magnetic insulators with C µν 1 0, which is the topological pumping. The response function Eq. (4) becomes nonlinear when the dynamics of φ ν couples withṙ µ . This can be achieved by deforming the spin texture, Q ν → Q ν + Q ν . Therefore, φ ν = ω ν τ + Q ν · r, and its dynamics followṡ
Substituting Eq. (7) into Eq. (3) and retaining the terms up to the second order in ω ν and Q νµ , we obtaiṅ
where the first two terms correspond to the linear response in Eq. (4). The last term in Eq. (8) originated from the deformation of spin textures induces a nonlinear response [33] 
where
n . In this case, the transported charge over ∆τ at zero temperature is
where L µ is the size of the cross section perpendicular to the µ direction and
is the second Chern number [34] defined on thek µkνkγkδ hypersurface of the hybrid momentum space. Here we make the approximation that F
. The approximation is valid when the Berry curvatures are weakly dispersive as a function of φ δ . This is true when the spin texture is incommensurate with the lattice or the period of spin texture is much larger that the lattice constant [35] . In our definition, both C n . Equation (10) demonstrates that, in addition to the contribution from the first Chern number, the charge transport has the contribution from the second Chern number when the spin texture is deformed.
To substantiate the anomalous charge transport due to the translational motion of the spin textures from the semiclassical analysis above, we study the charge transport in magnets with several typical multiple-Q spin textures obtained from the Monte Carlo simulation [36] . Here we consider three kinds of spin textures: double-Q and triple-Q collinear magnetic bubble lattices, and triple-Q skyrmion lattice as shown in Figs. 1(a)-1(c) , respectively. For conduction electrons hopping on a square lattice (whose lattice constant is set to unity), the Q ν vectors for the double-Q magnetic bubble lattice are Q 1 = (2π/5, 0) and Q 2 = (0, 2π/5), while for the triple-Q magnetic bubble and skyrmion lattices are Q 1 = (−2π/5, 2 √ 3π/5), Q 2 = (−2π/5, −2 √ 3π/5), and Q 3 = (4π/5, 0). For the triple-Q states, because 3 ν=1 φ ν = 0 for a translation motion, only two of φ ν are independent of each other.
To identify the topology of electronic states in magnets with the multiple-Q spin textures, we first study their electronic spectra in the hybrid momentum space. For the double-Q magnetic bubble lattice, the translational motion of the spin texture is parameterized by φ ν = ω ν τ. The energy spectrum as a function of φ 2 (with φ 1 = 0) is shown in Figs. 1(d) for the double-Q spin texture with J = 1.5t and B = 0. Here 
(e (e (e (e (e (e (e (e (e (e (e (e (e) ) ) ) ) ) ) ) ) ) ) ) ) we use the periodic boundary condition along the x direction and the open boundary condition along the y direction. Apparently, there are topological edge states in the bulk energy gaps indicating the system is topologically nontrivial. For the triple-Q spin textures, to make them commensurate with the lattice, we compress the lattice constant along the y direction to 1/ √ 3. In this case, because 3 ν=1 φ ν = 0, we definẽ φ 1 = −(φ 1 + φ 2 )/2 = φ 3 /2 andφ 2 = (φ 1 − φ 2 )/2 that are independent. The change ofφ 1 andφ 2 corresponds to the shift of triple-Q spin textures along the x and y directions, respectively. Thus we can parameterize the translational motion of the triple-Q spin textures byφ ν = ω ν τ. The energy spectra as a function ofφ 2 (withφ 1 = 0) for the triple-Q magnetic bubble and skyrmion lattices with J = 1.5t and B = −1.2t are displayed in Figs. 1(e) and 1(f), respectively. The topological edge states and bulk energy gaps persist for the triple-Q spin textures.
To characterize the nontrivial band topology, we calculate the Chern numbers of the system with an efficient algorithm by using the U(1) link variable [37, 38] . For commensurate spin textures, the system has translational symmetry and we can describe it in a high dimensional hybrid momentum space spanned by the generalized crystal momentumk = (k x , k y , φ 1 , φ 2 ) for the double-Q spin texture and k = (k x , k y ,φ 1 ,φ 2 ) for the triple-Q spin textures. Even if the spin texture is incommensurate with the lattice, k x and k y can still be introduced by using the twisted boundary condition [39] . Consequently, the Chern numbers in Eqs. (6) and (11) are well defined on the compact manifold. As an example, we consider the Fermi energy in the bottom bulk en- The translational motion of spin textures can induce a quantized charge transport according to Eqs. (5) and (6). Here we consider the spin textures shifting along the y direction on a 40 × 40 lattice (containing 8 × 8 supercells) with ω 1 = 0 and ω 2 = 2πt/100 , and we calculate the electric currents of the system by solving the time-dependent Schrödinger equation. We focus on the Fermi energy in the bottom bulk energy gaps in Figs. 1(d)-1(f) . For the double-Q magnetic bubble lattice, the currents along the x and y directions over ten periods are shown in Fig. 2(a) . By integrating the currents over time, the average transported charges in one period are q x = 0.01e and q y = 15.95e. According to Eq. (5), q x = eN x ω 2 C x2 /|ω 2 | = 0 and q y = eN y ω 2 C y2 /|ω 2 | = 16e. Apparently, the number obtained by simulation shows a good agreement with that obtained from the semi-classical equation. For the triple-Q magnetic bubble lattice, we have q x = 0.14e and q y = 16.04e from the currents in Fig. 2(b) , while for the triple-Q skyrmion lattice, we have q x = 0.00e and q y = 15.96e from the currents in Fig. 2(c) . The numerical results for the triple-Q spin textures are also consistent with q x = 0 and q y = 16e obtained from Eq. (5).
The nonlinear response can be realized by deforming the spin texture as shown in Eqs. (7) and (9) . For the double-Q magnetic bubble lattice, we deform the spin texture by setting φ 1 = Q 1 · r with Q 1 = (0, 2π/20). This induces a shear strain γ xy = −Q 1y /Q 1x = −0.25 on the spin texture that results in x → x + γ xy y. The currents due to the translational motion and shear strain of the spin texture are displayed in Fig. 2(d) . In this case, the transported charges in one period are q x = −3.92e and q y = 15.89e from the currents in Fig. 2(d) . Meanwhile, according to the Eq. (10), we have
= −2, and q y = 16e as before. The results from numerical simulation and semi-classical analysis are consistent with each other. Therefore, we demonstrate that, besides the longitudinal charge transport due to the linear response, there is a transverse charge transport caused by the nonlinear response of the deformed spin texture. Moreover, one can probe the Chern numbers experimentally from the quantized charge transport. The quantized charge transport requires the Fermi energy in the bulk energy gap. When this is not the case, the nonlinear response Eq. (9) is still valid but the transported charge is not quantized. For the triple-Q spin textures, the shear strain can also be induced by takingφ 1 = Q 1 · r, where we set Q 1 = (0, 2 √ 3π/40) and γ xy = Q 1y /Q 1x = −0.125 √ 3. The currents of the triple-Q magnetic bubble lattice are shown in Fig. 2(e) and the transported charges in one periodic are q x = −3.43e and q y = 15.60e. The currents of the triple-Q skyrmion lattice are shown in Fig. 2(f) and the transported charges are q x = −3.48e and q y = 15.92e. Equation (10) yields q x = −4e and q y = 16e for the triple-Q spin textures. The numerical results are less quantized indicating the approximation in Eq. (10) is not accurate in this case.
As we have shown above, the deformation of spin textures is essential to generate the nonlinear response. The deformation can be achieved by applying a shear strain to the crystal. According to Eq. (9), the current depends linearly on the deformed Q v vector, i.e. j µ ∝ Q γδ . For instance, when the spin texture is deformed by an effective shear strain γ xy ∝ Q 1y in our numerical simulation above, the linear piezoelectric current is j x ∝ γ xy . The linear piezoelectricity works for moderate strains that preserve the intrinsic topology and is verified numerically [36] . Our results suggest a new mechanism for the piezoelectricity due to the nontrivial topology
The nonlinear response due to the translational motion and deformation of the spin textures is associated with the second Chern number that is similar to the 4D quantum Hall effect (QHE) [40, 41] . Especially, when the spin texture is described by the ansatz S i = (0, 0, ν cos(Q ν · r i + φ ν )), the Hamiltonian Eq. (1) can be mapped exactly to a generalized high dimensional Hofstadter model [36] . As a consequence, one can directly apply the nonlinear electromagnetic Hall response [35] , such that the 4D QHE can be effectively realized in magnets with the double-Q spin texture [35, 42, 43] and the 5D QHE can be effectively realized in magnets with the triple-Q spin texture [36] . The quantized charge transport of magnets with the spin textures described by the ansatz is shown in Ref. [36] . Our semi-classical theory is more general because it is valid for arbitrarily periodic spin textures. Moreover, the response function Eq. (9) is general and is applicable to other electronic systems with periodic modulating potentials.
In summary, we reveal that the motion of spin textures has significant effects on the dynamics of conduction electrons. The semi-classical equation of motion of the electronic wave packet is described in a high dimensional hybrid momentum space. The hybrid momentum space is constituted of the physical dimensions and ancillary dimensions associated with the phason modes of the translational motion of the spin textures. The electronic states can be topologically nontrivial when the energy spectrum is gapped, and the nontrivial topology is characterized by the first and second Chern numbers in the hybrid momentum space. The nontrivial topology results in an anomalous charge transport. The charge transport is quantized and can be used to extract the Chern numbers experimentally. Our results can be extended to 3D magnets with multiple-Q spin textures where even higher dimensional topological physics can be realized. Supplemental Material: Dimension transcendence and anomalous charge transport in magnets with moving multiple-Q spin textures
Monte Carlo simulation
We present details of the model and numerical simulations for the spin textures used in the manuscript. We here consider two models in order to describe three multiple-Q states: one is the effective spin model derived from the Kondo lattice model for the double-Q and triple-Q collinear spin textures and the other is the frustrated spin model for the triple-Q skyrmion spin texture.
The effective spin model is given by [S1, S2] In each simulation, we perform simulated annealing to find the low-energy spin configuration by gradually reducing the temperature with the rate T n+1 = aT n , where T n is the temperature in the nth step. We set the initial temperature T 0 = 1.0 − 10.0. We take a = 0.99995-0.99999 and the final temperature is typically taken at T = 0.001-0.01. We also start the simulations from the multiple-Q spin configurations, such as the double-Q and triple-Q collinear spin textures. We determine the magnetic phase by comparing their energies of the obtained magnetic patterns in simulations. The double-Q collinear spin texture in Fig. 1(a) in the main text is obtained at T = 0.01, K = 0.5, α = 1.0, A = 0.5, and |Q| = 2π/6 on the square lattice, while the triple-Q collinear spin texture in Fig. 1(b) in the main text is obtained at T = 0.001, K = 1.0, α = 0.0, A = 0.0, and |Q| = 2π/6 on the triangular lattice.
The frustrated spin model on the triangular lattice is given by [S3] 
where we consider the ferromagnetic nearest-neighbor coupling J 1 = −1 and antiferromagnetic third nearest-neighbor coupling J 3 = 0.5 in the first term, which gives the ordering vector |Q| = 2π/5. The second and third terms represent the Zeeman coupling to an external magnetic field and the easyaxis anisotropy, respectively.
The optimal magnetic phases in the frustrated spin model are obtained from the Monte Carlo simulations based on the Metropolis algorithm. The lattices have N = 100 × 100 spins and the periodic boundary conditions. In the simulations, the 10 5 − 10 7 Monte Carlo sweeps measurements are performed after equilibration. The triple-Q skyrmion spin texture in Fig. 1(c) is obtained at T = 0.01, H = 0.27, and A = 0.5.
Linear piezoelectricity
In the manuscript, we demonstrate that the nonlinear response can be induced by a shear strain on the multiple-Q spin textures. Because the nonlinear response results in a piezoelectric current depending linearly on the shear strain, i.e. j x ∝ γ xy , there is a linear piezoelectricity for the magnets with deformed multiple-Q spin textures. To verify the linear piezoelectricity, we calculate q x as a function of γ xy and we expect q x ∝ γ xy . The numerical results are displayed in Fig.  S1 . For the finite system size (40 × 40 lattice sites) considered in our numerical calculations, the shear strain are limited to a few discrete values in order to retain the periodic boundary condition. For much larger systems, the shear strain can be tuned continuously. We show q x as a function of γ xy for the double-Q magnetic bubble lattice in Fig. S1(a) , and for the triple-Q magnetic bubble and skyrmion lattices in Fig. S1(b) . Here the symbols are from the numerical calculation and the black lines are from the Eq. (10) in the manuscript. Apparently, the q x for the double-Q spin texture collapses on the black line and shows a good linear dependence on γ xy . However, the q x for the triple-Q spin textures deviates from the black line indicates the approximation in Eq. (10) is not accurate in this case. Nevertheless, the q x is still linear in γ xy following Eq. (9) in the manuscript. Therefore, the linear piezoelectricity is verified numerically.
4D and 5D quantum Hall effects
When the spin texture is described by the ansatz 
for electrons hopping on a hypercubic lattice (whose lattice constant is set to unity) in the 5D space spanned by (x, y, z, w, u). Here we define the dimensionless magnetic field B µν such that the magnetic flux through a unit square in the µν plane is B µν Φ 0 where Φ 0 = hc/e is the quantum flux unit. Eq. (S4) can be easily reduced to 4D by dropping the terms containing k u . Comparing Eq. (S4) with Eqs.
(1) in the main text and (S3), one can find the correspondence that the Q ν vector plays the same role as dimensionless magnetic fields and the phase φ ν corresponds to the crystal momenta. Therefore, we can define the effective magnetic fields
and the effective crystal momentã
Consequently, the high dimensional Hofstadter model can be accessed by using a 2D magnet with multiple-Q spin textures depicted by Eq. (S3) through sweeping the phase φ ν = ω ν τ, a procedure known as the dimension reduction [S5, S6] . From the mapping in Eqs. (S5) and (S6), it becomes clear that the dimension of momentum space is transcended in the presence of mutlipe-Q spin textures. The electric field is associated with the time derivative of crystal momentum. Because the effective crystal momenta are time dependent for moving spin textures, there is an effective electric field
where ν = z, w, or u in the absence of physical electric field. The response of the system to effective electric and magnetic fields includes both the linear Hall contribution and nonlinear Hall contributions [S5, S6] ,
where j µ is the electric current density along the µ direction. B γδ is an extrinsic perturbing magnetic field that trigger the nonlinear response and is different from the intrinsic effective magnetic field B µν that determines the topology. B γδ should be carefully chosen such that it does not change the topology. Moreover, B γδ cannot be a physical magnetic field because only I x and I y can be measured in 2D magnets. A physical magnetic field B xy cannot induce the nonlinear response because C µνγδ 2 = 0 with two identical superscripts in Eq. (S8). As will be shown below, B γδ can be generated by a deformation of the spin textures. Integrating the current over one period ∆τ = 2π/ω ν , one obtains the quantized Charge transport
which is consistent with Eq. (10) To verify the quantized charge transport in Eq. (S9) due to nonlinear Hall response, one needs to know the band topology characterized by the first and second Chern numbers of the system. Here we consider a double-Q collinear spin texture with Q 1 = (2π/a, 0) and Q 2 = (0, 2π/a), and a triple-Q collinear spin texture with Q 1 = (−2π/a, 2 √ 3π/a), Q 2 = (−2π/a, −2 √ 3π/a), and Q 3 = (4π/a, 0). We first study the electronic spectrum to identify the topological property of the system. For conduction electrons hopping on a square lattice (whose lattice constant is set to unity), we fix a = 5 for both the double-Q and triple-Q spin textures depicted by Eq. (S3). While for the triple-Q spin texture, to make it commensurate with the lattice, we compress the lattice constant along the y direction to 1/ √ 3 such that each supercell also contains 5 × 5 lattice sites. The energy spectra as a function of φ 1 for the double-Q and triple-Q spin textures when J = 1.5t and B = 0 are shown in Figs. S2(a) and S2(b) , respectively. Here we use the open boundary condition along the x direction and the periodic boundary condition along the y direction. Apparently, there are topological edge states in the bulk energy gaps indicating the system is topologically nontrivial. To characterize the nontrivial topology, we calculate the Chern numbers of the system. Here we focus on the Fermi energy in the bottom bulk energy gaps in Fig. S2 . In the 4D hybrid momentum space of the double-Q spin texture, there are six first Chern numbers: C We then study the charge transport induced by the translational motion of the whole spin texture, which is the lowestenergy mode for the spin texture. The effective momentak ν are not independent of each other for a translational motion. For example, if the spin texture moves along the y direction, we have dk z = 0 and dk w = ωdτ for the double-Q spin texture, while dk z = −dk w = ωdτ and dk v = 0 for the triple-Q spin texture. Under this constrain, we calculate the currents due to the motion of spin textures on a 40×40 lattice (containing 8×8 supercells). We fix the frequency ω = 2πt/100 which is much smaller than the bulk energy gap such that the system evolves adiabatically with time. For the double-Q spin texture, the currents over ten periods are shown in S3(a). By integrating the currents over time, the average transported charges in one period ∆τ = 100 /t are quantized as q x = 0.00e and q y = 15.99e. In this case, the nonzero effective fields are tive perturbing magnetic field B yz = 2π/20 without closing the bulk energy gap. We then obtain q x = −4.00e and q y = 16.00e from the currents in Fig. S3 E w B yz /2π|E w | = −8e and q y = 32e as before that agree with the numerical results.
So far we have verified numerically the realization of the 4D and 5D quantum Hall effects in the 2D magnets with double-Q and triple-Q spin textures described by the ansatz Eq. (S3). The nonlinear Hall response is associated with the second Chern number in the high dimensional hybrid momentum space. The size of the spin textures is controlled by the Q ν vectors whose magnitude is Q = 2π/a for the double-Q ansatz and Q = 4π/a for the triple-Q spin ansatz. Because the Q ν vectors map to effective magnetic fields in the high dimensional Hofstadter model that determine the band topology, the change of Q can induce topological phase transitions. In Figs. S4(a) and S4(b), we show the spectral density as a function of Q for the double-Q and triple-Q ansatz in Eq. (S3), respec- tively. The spectra are reminiscent of the Hofstadter butterfly that exhibits topological energy gaps characterized by the nonzero first Chern numbers [S4] . The change of magnetic field can induce topological phase transitions that are featured by the closing or opening of topological energy gaps. In the current case, the energy gaps in Fig. S4 have nontrivial 4D topology and can be characterized by the second Chern numbers in the hybrid momentum space. The change of Q can drive the topological phase transitions.
